We analyze the eigenstructure of the integral operator K l,α,k which arise naturally from the beam deflection equation on linear elastic foundation with finite beam. We show that K l,α,k has countably infinite number of positive eigenvalues approaching 0 as the limit, and give explicit upper and lower bounds on each of them. Consequently, we obtain explicit upper and lower bounds on the L 2 -norm of the operator K l,α,k . We also present precise approximations of the eigenvalues as they approach the limit 0, which describes the almost regular structure of the spectrum of 
Introduction
We consider the linear integral operator K l,α,k , defined by (b) μ n ∼ ν n ∼ n - , and
Here, the function h, parametrized by L = lα, is strictly increasing, one-to-one and onto from [, ∞) to [, ∞). See Section  for its definition and properties. See also Section  for the definition of the notation ∼, which denotes ?asymptotically same order?. Thus  > μ  > ν  > μ  > ν  > · · · > · · · , and the eigenvalues of K l,α,k are ordered as
In fact, the asymptotic approximation in Theorem (b) gives a quite precise description of the distribution of the eigenvalues of K l,α,k as n → ∞.
Theorem  also gives explicit upper and lower bounds on each of these eigenvalues. Among these eigenvalues, the largest one, μ  /k, is of special importance, since it is precisely the L  -norm K l,α,k of the operator K l,α,k by Proposition . In consequence, we obtain the following explicit upper and lower bounds on the L  -norm K l,α,k = μ  /k of the operator K l,α,k :
We can actually compute numerical values of μ n and ν n with Newton?s method on the equation () in Section . See Section  for further details. Each of the quantities μ n and ν n changes only when L changes. For example, if L remains fixed, then they do not change even if k changes. In fact, L = lα = l  √ k/(EI) is dimensionless and hence can be regarded as the dimension-free or intrinsic length of the beam. Similarly, the dimensionless quantities μ n and ν n can also be regarded as dimension-free or intrinsic eigenvalues of K l,α,k , which depend only on L. Especially, the dimensionless
We also analyze the behavior of the eigenvalues of K l,α,k with respect to the intrinsic length L of the beam. Thus each of the intrinsic eigenvalues μ n and ν n is continuous and strictly increasing with respect to L, and lim L→ μ n = lim L→ ν n = , lim L→∞ μ n = lim L→∞ ν n =  for n = , , , . . . Table  , which results from the numerical computation in Section , illustrates the dependence of μ n and ν n on L in Theorem . In particular, the norm K l,α,k = 
The rest of the paper is organized as follows. In Section , basic preliminaries and notations used in this paper are given. In Section , we derive a characteristic equation for the eigenvalues of K l,α,k , and transform it into a relatively manageable form (). Theorems  and  are proved in Sections  and , respectively. In Section , examples of numerical computation of the eigenvalues of K l,α,k are given.
Preliminaries
Let f (t), g(t) be positive functions on [, ∞). We will use the notation f (t) ∼ g(t), meaning that f (t) and g(t) are of the same order asymptotically as t → ∞, if there exists T >  such that m ≤ f (t)/g(t) ≤ M for every t > T for some constants  < m ≤ M < ∞. We also use similar notation for positive sequences. Let {a n } ∞ n= , {b n } ∞ n= be positive sequences. Then we denote a n ∼ b n if there exists N >  such that m ≤ a n /b n ≤ M for every n > N for some constants  < m ≤ M < ∞. Note that f (t) ∼ g(t) if  < lim t→∞ f (t)/g(t) < ∞, and a n ∼ b n if  < lim n→∞ a n /b n < ∞.
be the space of all square-integrable complex functions on the interval [-l, l], which is a Hilbert space with the usual inner product
where
is the space of all continuous complex functions on [-l, l] . One of the main tools for our analysis is the following necessary and sufficient condition for being an eigenfunction of 
Using Proposition , the following property of K l,α,k was shown in [] .
Characteristic equation for the eigenvalues of K l,α,k
It is well known [] that an operator of the type K l,α,k is self-adjoint. Since the eigenvalues of a self-adjoint operator are real, and the eigenspace corresponding to each eigenvalue is spanned by real eigenfunctions, it is sufficient to consider only real eigenfunctions and eigenvalues.
As noted in [] , the solution space of the differential equation () changes qualitatively according to the sign of the quantity  -/(λk), and we have the following three possibilities:
It was shown in [] and [] that there are no eigenvalues in the cases (I) and (II) (Proposition ). We will investigate the remaining case (III). So we assume  -/(λk) < , or equivalently,  < λ < /k for the rest of the paper.
We introduce the variable κ defined by
which simplifies () to
Note that () gives a one-to-one correspondence between κ in (, ∞) and λ in (, /k) for any fixed k > .
Derivation of characteristic equation
Suppose  < λ < /k is an eigenvalue of K l,α,k , and u is a nonzero eigenfunction corresponding to λ. By Proposition , u should satisfy the differential equation (), and hence (). The general (real) solution of () is
where we denote e(x) := exp(καx), c(x) := cos(καx), s(x) := sin(καx).
So we have
and hence
Using () and (), the boundary conditions (), (), (), () in Proposition , respectively, become
which are equivalent collectively to
where O is the  ×  zero matrix and Q is the following  ×  matrix:
By Proposition , the assumption that u is a nonzero eigenfunction of K l,α,k is equivalent to the existence of nontrivial (A B C D) satisfying (), which again is equivalent to det Q = . Thus λ is an eigenvalue of K l,α,k , if and only if det Q = . A long and tedious computation, which can be facilitated by utilizing Computer Algebra Systems, produces the following determinant of Q:
where L = lα is the intrinsic length of the beam. For checking the validity of (), we provide a Mathematica notebook file. See Additional files  and .
Simplification of det
for some functionĥ(κ) of κ. Specifically, we defineĥ bŷ
where the branch of arctan is taken such that arctan() = . Note that
So it is easy to see thatĥ thus defined is continuous. See Figure  for the graph ofĥ(κ). Note that
This shows thatĥ is in fact real-analytic and strictly decreasing. We also haveĥ() =  and lim κ→∞ĥ (κ) = -π from (). 
Then () becomes
By () and (), we have
The properties of the function h(κ), which we will need later, are summarized in Lemma .
Lemma  (a) h(κ) is real-analytic, and is strictly increasing with h()
= , lim κ→∞ h(κ) = ∞. (b) h (κ) is strictly increasing on [, √  -] from h () = L +  √  to h ( √  -) = L +  + √ , and strictly decreasing on [ √  -, ∞) approaching lim κ→∞ h (κ) = L. In particular, L < h (κ) ≤ L +  + √  for every κ ≥ , and hence lim κ→∞ h(κ)/κ = L implying h(κ) ∼ κ.
Proof (a) follows immediately from (), (), (). Since
Using (), the determinant of Q in () can be rewritten as
It follows from () that the equation det Q = , regarding it as a quadratic equation in e -Lκ , is equivalent to
which, using the identity
is again equivalent to
and
We also use the notation
Then (), and hence the characteristic equation det Q =  for κ > , is finally reduced to the following equivalent form:
Properties of the functions p(κ) and ϕ ± (κ)
Note from () that
The following lemma on the property of the function p(κ) immediately follows from () and (). See Figure  for the graph of p(κ). By Lemma (a), the inverse h
Lemma  p(κ) is strictly decreasing on [, ] from p() =  to p() =  - √ , and is strictly increasing on
and is also strictly increasing. From the definition () of ϕ ± , we have
. . We regard these singularities all to be removed in the definition of ϕ ± , so that
for n = ,±, ±, . . . Thus ϕ + and ϕ -are continuous, respectively, on the intervals
. . In fact, ϕ + and ϕ -are real-analytic in these respective intervals, since h(κ) is real-analytic by Lemma (a). Since
we have
hence, by (),
Here we used the fact that
Since  ± sin t and  ± cos t are positive except at discrete points, () shows that ϕ + is strictly increasing and ϕ -is strictly decreasing on the intervals where they are defined. We summarize properties of ϕ ± in Lemma . See Figure  for the graphs of ϕ ± . 
The next result on the relationship between p and ϕ ± , will play a crucial role in analyzing the characteristic equation (). Note that, by Lemma , () would hold only when  < ϕ ± (κ) < .
Lemma 
Proof By (), we have 
where we used the assumption ϕ + (κ) ≥ p(κ) for the last inequality. So (a) will follow if we show p(κ){h (κ) -L} > p (κ), which, by (), (), (), is equivalent to
Using (), () is reduced to κ  +  > κ  -, which is true. Thus () is true, and this
where we used the assumption ϕ -(κ) ≥ p(κ) for the last inequality. So (b) will follow if we show -p(κ){h (κ) -L} < p (κ), which, by (), (), (), is equivalent to
Using () again, () is reduced to κ  +  > -κ  + , which is true since κ > . Thus () is true, and this show (b).
The eigenstructure of K l,α,k : proof of Theorem 1
We now analyze the eigenstructure of the operator K l,α,k by proving Theorem . It is precisely the solution structure of the equation det Q =  in λ, which is equivalent to that of () in λ. Remember that we only need to consider the case when  < λ < /k, which is equivalent to κ >  by (). By Lemma , () has a solution only when  < ϕ + (κ) <  or  < ϕ -(κ) < . By (), (), and Lemma (a), the set of κ >  satisfying  < ϕ + (κ) <  is contained in the union of the intervals
Similarly, the set of κ >  satisfying  < ϕ -(κ) <  is contained in the union of the intervals
In fact, by the intermediate value theorem, there exists at least one κ in each A
for n = , , , . . . , by Lemma  and (), (). Similarly, there exists at least one κ in each A -n , for n = , , , . . . , satisfying p(κ) = ϕ -(κ), since
for n = , , , . . . Note that we cannot apply the intermediate value theorem to A - , since p() =  = ϕ -(). In fact, it will be shown in Lemma  that A - contains no κ satisfying p(κ) = ϕ -(κ).
Since the functions p(κ) and ϕ ± (κ) are real-analytic (and different), the set of κ satisfying () is discrete. Thus we can take the smallest β n in A 
Lemma  The set of κ satisfying the characteristic equation () is
Proof It is sufficient to show that there is no κ in A - satisfying p(κ) = ϕ -(κ), and there is at most one κ in A
Let n = , , , . . . Note that, by () and the definition of β n , we have p(κ) > ϕ + (κ) for every κ ∈ (h - (πn-π/), β n ). Suppose there exists another κ in A + n satisfying p(κ) = ϕ + (κ), which we denoteβ n . By the definition of β n , we have β n <β n . We can assumeβ n is chosen such that there is no κ between β n andβ n satisfying p(κ) = ϕ + (κ), since the set of solutions of () is discrete. So we have either p(κ) > ϕ + (κ) for every κ ∈ (β n ,β n ), or p(κ) < ϕ + (κ) for every κ ∈ (β n ,β n ). Suppose the former. Then the graphs of p(κ) and ϕ + (κ) should be tangent to each other at κ = β n , which implies p (β n ) = ϕ + (β n ). Since p(β n ) = ϕ + (β n ), this contradicts Lemma (a), and it follows that p(κ) < ϕ + (κ) for every κ ∈ (β n ,β n ). Then by Lemma (a) again, we have p (κ) < ϕ + (κ) for every κ ∈ (β n ,β n ). Applying the mean value theorem to the function p(κ) -ϕ + (κ) on [β n ,β n ], we have
for someκ ∈ (β n ,β n ). Then we have p (κ) = ϕ + (κ), which is a contradiction. Thus we conclude that there is no κ in A + n other than β n , which satisfies p(κ) = ϕ + (κ). Let n = , , , . . . Note that, by () and the definition of γ n , we have p(κ) > ϕ -(κ) for every κ ∈ (γ n , h - (πn+π/)). Suppose there exists another κ in A -n satisfying p(κ) = ϕ -(κ), which we denoteγ n . By the definition of γ n , we haveγ n < γ n . We can assumeγ n is chosen such that there is no κ betweenγ n and γ n satisfying p(κ) = ϕ -(κ), since the set of solutions of () is discrete. So we have either p(κ) > ϕ -(κ) for every κ ∈ (γ n , γ n ), or p(κ) < ϕ -(κ) for every κ ∈ (γ n , γ n ). Suppose the former. Then the graphs of p(κ) and ϕ -(κ) should be tangent to each other at κ = γ n , which implies p (γ n ) = ϕ -(γ n ). Since p(γ n ) = ϕ -(γ n ), this contradicts Lemma (b), and it follows that p(κ) < ϕ -(κ) for every κ ∈ (γ n , γ n ). Then by Lemma (b) again, we have p (κ) > ϕ -(κ) for every κ ∈ (γ n , γ n ). Applying the mean value theorem to the function p(κ) -ϕ -(κ) on [γ n , γ n ], we have
for someκ ∈ (γ n , γ n ). Then we have p (κ) = ϕ -(κ), which is a contradiction. Thus we conclude that there is no κ in A -n other than γ n , which satisfies p(κ) = ϕ -(κ). Suppose there exists κ in A - satisfying p(κ) = ϕ -(κ). Since the set of solutions of () is discrete, we can take γ  to be the largest among such κ. Then we have
Replacingγ n , γ n byγ  , γ  , respectively, and applying the same argument in the above paragraph again, results in a contradiction. Thus we conclude that there is no κ in A - satisfying p(κ) = ϕ -(κ), and the proof is complete.
Note that the inverse function h - of h is strictly increasing from [, ∞) onto [, ∞) by Lemma (a). Putting t = h(κ), () can be written as
L · h - (t) = t +ĥ h - (t) for t ≥ . () Lemma  (a) /(L +  + √ ) ≤ (h - ) (t) < /L for t ≥ . (b) h - (t) ∼ t and h - (t) -(t -π)/L ∼ t - .
Proof (a) follows immediately from Lemma (b), since (h - ) (t) = /{h (h - (t))} = /h (κ), where we put t = h(κ).
By (), we have
where the last equality comes from Lemma (b). Since lim κ→∞ĥ (κ) = -π , we can use l?Hôspital?s rule to get
by
(). This shows |h - (t) -(t -π)/L| ∼ t - , which also implies h - (t) ∼ t.
Note that, for  < t < π/, we have
This implies that the function ( -cos t)/ sin t is increasing and convex on (, π/), and hence t/ < ( -cos t)/ sin t < t/π for  < t < π/, since lim t→ {( -cos t)/ sin t} = , ( -cos(π/))/ sin(π/) = , and
Note that  < p(κ) <  for κ >  by Lemma . For each n = , , , . . . , we can take  <
since ϕ + is strictly increasing on A
Suppose n is sufficiently large, so that h - (πn -π/) > . This is possible, since h - is one-to-one and onto from [, ∞) to [, ∞) by Lemma (a). Then, since p is strictly increasing on (, ∞) by Lemma , we have
and hence by (), (), (), (),
It follows from the intermediate value theorem that, for sufficiently large n,
Proof Suppose n is sufficiently large so that (), () hold. The fact β n ∼ γ n ∼ n immediately follows from (), (), since h - (t) ∼ t by Lemma (b). By (), (), we have
By applying the mean value theorem to h - , we have
and hence by (), (), (), (),
Using (), (), (), (), (), and the definition () of ϕ ± , we have
Note that, for any constant c, we have lim n→∞ p(h - (πn + c)) =  by Lemma  and
by Lemma (b). So by combining (), (), and (), (), (), (), we have
By (), (), we have
So by (), we have
, and the proof is complete.
Lemma  Suppose positive sequences {a
n= satisfy a n ∼ b n ∼ n and a n -
. By the mean value theorem, we have
for some b n ≤ ξ n ≤ a n for n = , , , . . . Note that ξ n ∼ a n ∼ b n ∼ n. So we have
which is bounded below and above by some positive constants for every sufficiently large n, since ξ n ∼ n and a n -b n ∼ c n . This implies /( + b
Proof of Theorem  By Proposition , K l,α,k has no eigenvalues outside the interval (, /k). By () and Lemma , the eigenvalues in (, /k) are μ n /k, ν n /k, n = , , , . . . , where we put
for n = , , , . . . Note that L is the only parameter involved with the characteristic equation (). So its solutions β n , γ n , and hence μ n , ν n , depend only on L for n = , , , . . . The bounds on μ n , ν n in (a) follow from () and (), and thus we showed (a).
Since β n ∼ γ n ∼ n by Lemma , it follows easily from () that μ n ∼ ν n ∼ n - . Note that
. So by Lemma  and (), we have
by Lemma . This shows (b), and the proof is complete.
Behavior of the eigenvalues with respect to the beam length: proof of Theorem 2
In this section, we prove Theorem  by investigating the behavior of the eigenvalues of K l,α,k obtained in Theorem , as the intrinsic length L of the given beam changes.
Lemma  β n and γ n are strictly decreasing with respect to L for n = , , , . . .
Hence, by putting
by () and Lemma (b). This shows that h - (t) is strictly decreasing with respect to L.
From (), we have
since -π <ĥ(κ) <  for every κ > . 
But this is impossible for t ≥ π , sinceĥ(c) > -π for every c > . Thus lim L→ h - (t) = ∞ for t ≥ π . Let  < t < π , and suppose
, and hence
since lim κ→∞ĥ (κ) = -π by (). This is a contradiction, and we conclude that lim L→ h - (t) = c for some c >  when  < t < π . The value of c can be obtained from
Note that h - (π/) < β  < h - (π) by (). In proving the following result, this fact makes the case lim L→ β  subtler than the others. For this case, we need to utilize additionally the fact that it is a solution of the equation
Proof By () and Lemma , we have
which shows lim L→ β n = ∞ for n = , , , . . . , and lim L→ γ n = ∞, lim L→∞ β n = , lim L→∞ γ n =  for n = , , , . . . It remains to show lim L→ β  = ∞. Note that we cannot directly use Lemma , as we did above for the others, because β  < h - (π). Since β  is strictly decreasing with respect to L by Lemma , either lim L→ β  = ∞ or lim L→ β  = β  for some β  < ∞. Suppose the latter. Then, since h - (π/) < β  , we have
by Lemma  and (). Since β  satisfies the equation p(β  ) = ϕ + (β  ), we have
Taking the limits of the both sides as L → , we have
Note that
For every κ > , we have p(κ) >  by Lemma ,ĥ (κ) <  by (), and
by () and (). Suppose κ > ( √  + )/ √ . Then -π <ĥ(κ) < -π/ by (), and hence cosĥ(κ) >  and sinĥ(κ) < . From these facts, we conclude that () is always negative for κ > (
by (). This is a contradiction to () and (), and thus we conclude that lim L→ β  = ∞.
Proof of Theorem  The proof follows immediately from () and Lemmas , .
Numerical computation of the eigenvalues
We use Newton?s method for our numerical computation. We first compute approximate values of β n and γ n . To compute β n (respectively, γ n ), we have to solve the equation
As an initial guess for β n (respectively, γ n ), we use h - (πn -π/) (respectively, 
With this value as an initial guess, we use Newton?s method to the equationp(κ) = ϕ + (κ) when L = , which is
to get β  ≈ .. We mention that, in view of the approximation in Theorem (b), it is more advantageous to use h - (πn∓π/) as initial guesses for large n. We list the result of our computation of a few initial β n and γ n when L =  in Table  . To illustrate the bounds in () and the approximations in Lemma , we also list there corresponding values of h - (π), h - (π ± π/), and (π(n -) ± π/)/L when L = .
The computation of μ n (respectively, ν n ) can be done by using the relations () and the result of computation of β n (respectively, γ n ) above. For example, we compute μ  when L =  as μ  ≈ /  + .  ≈ ..
Using (), we could also apply Newton?s method directly to the equations
with the initial guesses /{ + (h - (πn ∓ π/))  }, but we mention that this method can be quite sensitive to initial guesses. We list the result of our computation of a few initial μ n and ν n when L =  in Table  The last column lists values of the approximations (2π (n -1) -π /2)/L to βn and (2π (n -1) + π /2)/L to γn. 
